
7. 1 . Laplace transform .

For the most part of Chapter 7, we won't use the definition .

However
,
There will be problems where we have to use this definition.

So don't forget .



we will use 7hm 7.2

and linearity property
of Laplace transform
to evolve Laplace
transform ota function.

Q : Then when do we

have to use the

definition ?

An : Whenft is a

piecewise function.

Example : Evaluate Lltcti
• for fct) = go

⇐t c-2

LIfriig-jfe-st.fr)dt=SPé%dt+fé%dt 2 e> 2.

= So
>odt-sa.IE#dt---2-e-s-t?z=Lim-2--s-.+5-e-si3s

e→N

¥Lo so
,

→0
.

= o +§e
-3s

= %e3s.SZO.li/-sso,thensFe-s-fce)d-wiUbediverqan-D



e.g.) using linearity property of Laplace transform to find L{fit}
.

Lf sin-43=L { "J =L / IT - L / Eioszth .
= EL { ily i £L{ costly

.

= I -5 - £1#-) -- Es - ¥8

e.gl . L letsinhis =L let é_¥y=L{ téet- tete
--4

* sinht=é¥ = EL le
"} - IL leg = Ist -I 's

*cosh-1 =ÉÉ =¥ - ¥
.

e-g) . Lf 11+2-42] = Lf 1+4-44-14
=L { is -1 If 4-4-1114-14
=5-1 4s¥, -142¥ = 's- + ¥-1 §,



7.2-1 Inverse Transform .

In 71, given a function ft),

we evaluate L{fit)Y

In 7.2
, given Fls ) ,

we find ftt) such that

I / fits } = Fcs) or

L
"

{Fcs) ) --ft?

( inverse Laplace transform) is linear like Laplace transform .

e.g) L{ I } = § List} -- l .

L /sin3tf=¥q I-4%9 } = sink
e.g) LT4g¥, ) = -14 How aboutI

"

/¥} = ?
→

linear property

L
"

/E.) = 2L
"

/¥9
.

--2-¥.LY#+if-&,L-Y4sI--ig--E-it
Linearity



e.g? L
" I ¥-20 } .

¥-20 = (+5*-4) = ¥5 + ¥4

=*÷¥¥s-
A = -B -4A -1513 = I

413-1513 = I B. = &
.

d-= -§

¥-20 = - '

g- ¥5
+ &¥

£Y¥saoJ=L
"

I-4¥)-1L
" { g-¥3 .

= -g- I' { ¥5) + § Li
' 1¥)

= - g e
-5£

+ g-
ett

.



e.g) .

£4 is =L
-'

{ ¥+⇒}=£H¥ÑD
=&FY¥±i)

=¥÷És÷⇐i
=ÉÉs÷Él

e.gl .£Ys¥J= £
'

/ ¥3 - I
'

{¥1÷;÷;¥÷¥É
= cosrz-i-f.LY?E.,j--cosnEt-fzsinnEt.



e-9-5-11 ¥91 =L-4*+3%59--54
"

-1%3-9
= AsE+% = ⇔¥¥¥⇒¥Eˢ=

(AstB)5- 3 ( As-1-13) + LestD)
5+3 (CstD)=L

As3+135-3As -313-10*-11>5
-130s + 3D =/

A:-C A --0

213=1-3 /⇒
D= 's

¥9=s¥3+-¥¥% /⇒ ↑;÷, / ⇒ .

13-1-13=0

B-_ -É
-313+30=1 D-B-_ § B. =-D

£
'

#at :L
"

/ - to ¥ } + It { 6- ¥33
= - i. E. s-YE-e.TT +t.rs#is:TrsH---EFsI-'1sEc-ItIr-sI-'4E-rsi)=-Egsin

Fst + %ˢ sinh Kt .



e.9.3£'fÉ¥1=£s¥☐1 -51¥.nl
=L
" /¥,)

- 1+1*+14
¥+1 ' +

GEE

5¥, -_ ¥-1 ¥¥ ski

1=11-(5+1) -143sec) 5.=
ASIA -1135-1 CS 1=(135+1--115+1) -1 CastE) 5

=D 53-11=5+125+-1--195475
A -113=0

⇒ B. = - l
DtG=0 9=0

C = 0 F+E=o /⇒ E- = -1

☐ = 0
a- =L ¥-9

+ =\

¥, = I -1¥ ¥-4)= ¥ - ¥

1%7+1,1=1+1 's ] - Lisse)
- £45.1 -151¥,}

= I - I"s¥ ) - j
'

.si#iJ+sin-L
= 1- Cost

- t + sink .



7.2.2

e.97 .L{ f-
' (d) = sL{ft) } - to = s Fcs) - to?

L{ f-
" tb = 5L /fit} - Sfio) - f-

'

co)

e.gl . L{ 3-lcos3-ltsin3.TT * tsin3t)= sin3-4-3-10551 .

= Stadt sins-4
= SL {tsin3tY - Co

- sin 3.0) * transform of derivative.

= SKI)¥(L{sin3ty)) * derivative d-transform

= -s :s⇔→={÷



7.4.2

MBBS f*g=g*f

e. 9.) t# Sint =) ! I since- e) DI
a- I dv : sink -c) DI

du- de ✓ = Cos CEI)
.

= Ico> Ct -t) / § - Jj cost-⇒ de
=
tcoso - o - C-since -EDIE

= t - sinlo) - (taint )
= E- Sint

.



* we won't be

using this
theorem too often

.

e.g.)L / fit since-⇒ deb =L {t # sint }

=L {t.TL/sintY=s- - ¥,
* we'll use

* product
to the inverse form

convolution of the convolution
theorem a lote.g) . It { (5%+4) } *Do not use partial traction
decoys.

=L
_'

{÷ } * Ll ¥44
.

= et * e-
4' ftp.e-4-g#=e-

= Sjé"= et
- te
de

= si et
-Erde = e-%ee-t-a-c.ee?tge-s--Yf=e-=jF!ÉÉ5



# 4. Y 101=1 . y
'

lo) =
- l

what is Laplace transform of y
"

-49
'

-15g?

Lfy
"

- ay'+5yY= LET'T - 411J 'T-151µg

= s'L{yJ - sym - y
'
cos-4 /

SLHY-yioD-s-L.ly?=s2LEyY-s.1-C-i)-4sLEJ+4-lt5LIyy--L1y
) (5-45+5) - s -15

= Yes] (5-45+5) - S-15



#G. Yco)=2 , Y' 103=3 .

Solve for L9ytJ= Tss ) , y
'

'+y= ,

y "+y=i → Lfy"+yy=L{ ily

Ily"y+L1yy = 's * In 7-5

syfy] - sylo)- Y'b) +1193=15 we'll take

inverse transform
Lfyy (5+1)-25-3

= ↳
on both sides
to get Y .

Lqyy (5+1)=5+25+3 (which is the

solution tod.e .

Yes>=L {g) = l+}
'¥, y

'

'+y=i >
.

=÷÷



# 9 . Lt sot e- Tose de ] ?

this is not in the form gt) f-(t
- T) .

Jot e-'costde = Sst e-
Itt -tcoszde ( since veineeqd

with respect to

= e-tsotet
-

Yost de
Te . we

can pull
out e-t

.
)

= et Cet# cost ) .
S; Liste

-'

cos-cd-ig-L.se
-tcetxcostsy

=L 9 et* cost }s→s+, (1st translation,

=L let }s→s+, - Lt costs→sti
= ¥1s→ sa - s¥|s→s+ ,
= ¥ -¥¥= 's . ,



¥29 . f*g=g
2=0 4=-1

.

Let u=t-I du=_dI . I=t "
z=eu=o .

f- *g-- fotftugct- tide .

=
-[ f- l't - a) glu) du .

t

= fjfct - a) guddu
= gjglufct- a) du
= g*f .



#"f*cg+h)=f*g
f-* lgth)=ftf(⇒ [get -⇒ + hit-DIDI

= gotft) glt-tld-fot.fr) hit-Ddt

=f*g + f- * h .



#8 Lf fotcoszdt )

=L I fit cost . I dig f- Ct)= cost get)= 1
.

get -E) = 1
.

=L { fail . Lt get) )

=L / cost ) - Ll 1)

= Is Lf cost)

= ↳¥, = ¥,



# 10 It fits in Tde )
.

f- = -1 Sint g = 1
.

=L / fall -1191-0)
get -2) = 1

.

=L It sin -4 - 111J

= Is Lltsiut)

= ¥ 1- IsL Isin-41
= : 1- Is¥11
= Ig §¥
=É .



# 12 . Lffotsinzcosct-⇒dt)

ftp.stnt-L/sTntYLfiost) get)= cost .

= ¥
= ¥52

# '4. Lftfotiétdz ) = - at-Lffot-ce-t.dz }

= - (tshirt ) )
= - dd-sfsfdd-slle-t.JP .
= -÷sesE÷⇒

- ds+ñ+sus=¥¥÷÷¥⇒,
= -dñss¥z)= - ¥15



*HLF , * e-
"
J =É

# 181ft'*téY= 2- Lltet)
= :-. -%÷=÷¥

# 20 Ife"*sint)= Lfe
" ) Lfsint )

= ¥ -¥



#22 . It fg¥ Fcs) ) = cos2£*ft) =[ft) cost- T) dz .

* 24 . sit¥, } -- I
'

II - ¥1 = Lifts 1*1
"

{¥1

= I * Sint = got sin Lt -⇒de

= cost- e) If
= 1- Cost .

# 26 . I
' 1¥21 = I' 1¥) * Lil ¥4

= e-
*
* e-
I

= got e-
+ e-
*⇒
do jae = eé?



7.4.3

e.g.) Compute Lift)Y
This function is periodic with period -1=2.

Since the value of the function is the same

oh [Or2) . [2.4) . - - "

-

so , Lfttb =zJ ; e-
"
ftdt , on G.a) ft

:{? I

= [ So'é? tdt-sie-st.cat]

= [É÷aé" ] '

e-
St

= [ E-e-
"

Ii - f⇔d→t)=¥fÉ - ¥' ]



e.g.) . Compute
Lttt"}

. ostia

period -1=29 .

with f-1+1=11-1 ⇐tea
29

L{ft) ) = ¥za So e-stfctdt

=¥as[sié"dt+Sa-
"

e-
"
at]

e-
se
a é
"

zag= ,¥[⇒ lots / a
= _¥s[é +

-

say
s

=¥aseée
s



e.g.) compute Lfft) ) costal

period -1=2 ft) =/ It ⇐tcz

LHHi= fie
-"

that .

= ¥s[ II. e-st-d-L-gie-st.cz
-e) at ]

w-tdv-e-s-a-cdu-d-v.IE U= 2€ dv= - e-stole

du= -dt ✓ =c
= 1- sieat - k-tej-4.is ? de

= [F-e-st-j-e-s-yi-i-a-Y-e-s-y-s-e-s-yi-F.SE/s-e-/s-e--s'=+Y-e--s-e-2s-s-Ye-s)
= [ sÉJ= ¥ .



7.3.1

I

e.g.) L{e5-433=21+39 Is→*
←

these are reminder replace
= }¥|s→s
,

s with S-5 at the 1 step
=I
6- 5)4

e.g.) I /e-
"
cost) =L lasted / s→st2

= s|s→s+z = it

e.g.) I /e-3ᵗe"ᵗ)= Lte"ᵗ] / ,→⇒ =#g-ss.is#-4=s-T
=L / et) = ¥ (* sometimes you don't

have to use

1st Translation theorem . ]



e.g.Lfte-G-ge.gIL.se'°e'S

e.gi.L.IE#cos4eyK=4=L1e-*t.'Y=LIe-*-g--F-tYs-s+2
= g|s→s+7=

L.fi/s-stb=St2(s+y7-l6=is::i--s/s-s-ib
= ¥32



e-Q.Lfe-teoshtye-NL.se"tE -154 e- 9) Lfué+éYY

=L/e'+1-1=2-1+1)) =EHe¥zte"+eéY
= ¥|s→s*→

=L/et-Y-ZLle.tt/tLletY--L1eH-i+zL1e*tI-1k¥}
= |s→s+1 =

→s.EE/s-.s--iHs-.s-z=sHs-s.iHs-isi&/s-.s-4
=¥¥ = - + ÷ =¥+¥+¥i



% 'sétsiñt }
=L1éy
= Isle-4 - ILlétaszt

= Its /s→sI±ÉHs→s+,
= 's¥ - I ¥¥,



e.g.)Li'l¥¥}=£Y¥1s→s⇒} -- e-
"
cost

.

e.g.)LY}µj=£Y¥/s→s. , }=ét?
e.g.)Lif I =L

"

1,5¥)=£'f¥/s→s→}=e
"
cosrzt

*

* In both cases , we can use partial fraction
decomposition . 13¥ that takes too much

time ! avoid using partial fraction

decomposition if possible !

* 5-65+11=5-65+9+2 = § - 3)2+2 (use completing the square)











7.4.1 * There is no inverse

form for this
theorem

.

e.g.) Lfte
"] = G)¥ /LIE ") )

= G) = G) (s-35
'

= G)G) (5-3)-2.1=(5-3)-2
e.97L / teleost} = G)

'

¥11 /e-test)) • derivative

=L- 1) (L{cost } s→s-c-D) • 1st translation
.

= that / s→s+i)

=tD¥K÷± ,
) -1-11*+1=4-1*+1

+1)4- 1)
2

=



e.g.) If these] = C- 1)
2

¥gz (⇒ ☒ take derivative twice

= (-115-352)

= 1-1×-2)fs - 3)
-3

= ¥3



e.gl . e.g) . e. 97
.

Lftcoszth Lltsinhat) 11+40>-4.

=eD%s(¥4) =-9k¥) =%¥)
=HÉIiji→s

= ¥-95 =%l¥⇒
=¥÷.

= ¥j¥E⇒±
=→Y¥j¥
= -2%+5,4-+4

'

=÷⇒=¥¥-



Use Tkm 7.7 .

In the form in =D

ft) =
-É Lif das Fcs) )

.

to evaluate the given inverse Laplace transform .

☒fits:L
" flu 5¥41 = - f-£ fads [Luis⇒- Ents'+4D}

= -Est {¥
- ¥+1

=-=iEY÷tsY¥is)
= -¥ KEY¥, ) -21-11%+41]

= - ¥ [2 lost -2 cos Zt]



☒
.

ft) = List- cot-1¥ } =-É£F
= -81-11%15 - cot-1¥) )

= -¥5
' { - 's. - 5¥ }

ad,aÉs= -¥
= - E. [-5454-1-11*+1]
= -¥ [- t

-
sin it ]

ad-sco-ig-E.si . -É
= I 1- ¥sin4t

=

,-1¥,:&
= ¥42



e.g.) UH-31=1,00%5 tut- 3)=/
to 0--43

t.lt?3

÷
→

É 't:-#-

.



e.g.) Express ft) in terms of a unit function .

f-HI:{2¥ cost -5

us
→ fit)=2ot -20T UH-5) Ufc-f)

0 0€04

tittle ↳* < 5→ fit)=t[Ut-4) -UH -51]
0 735

tt=1É° I4⇐<5 → ft) -_ E- t[UH-4) -Utt]
I
↳ think of this as t - {

° °

t 4-4<5



7.3.2

e.g.)I/ It-2)344-2)) = e-
"L / +3) = e-25,3¥ = 3¥25

e.9.) L {fit] where ft = { 20 ⇐t -50 I≥5
Now we don't have to use the definition .

f- (t) = 20 -20 Uct -5)to Uce -5) = 20 - 20 Utc-5)

So L Hero} =L 120-20 UH-554
=L {20} - L 120 UH -57}

= 20L / I } - 20L {at -51]
= ¥ -20e

.



e.g) L{ (2-1-3) Act-D)
* We need to have tc-D.to use

2nd translation 7hm .

= Ikat-D-Duct-D)

= e- SL {2-1-1}
titi -2-1-1

= e-
' [211-4-1111]

= e-
'

[2%-5]



e.gl . Lfé
-

t.UH-DJ-L.IE#Ult-D).a--2--e-ZsL1e-tffc-)-.e-t
= ;÷,
= :÷



e-⑨ Lf(3t -1112ft-3)) * we need to have -4-3)

to use 2nd Translation .

= 3114+55061+-37}

=3L{¢-3 -1¥ >UH-3) )

a--3
.

⇒Lf It-3)UH-37 -113Mt" )
. ftp.t .

=3É+=§e⇒)t.tk/=3geY-+iog-e-s



e-9' . L {sin-U.lt-E)) * weneed to
have t- ¥ to use

Zn Translation .

=L/ cost-E) UH-E))
A =¥

.

= e-¥sL{ cost)
.

ft)= cost .

=



e.g.) fftet-52ft-53}

=L / E-5)et-sutc-s-J-s-et-sult-s-ya-s-e-s-sfg-etg-e-ssffs-e-yf.tt. -let
LH.HY-L-ie-3.ee-5s

⇒ + =⇐¥LléY
(s-1)

= -its,
=
- I jr
=

fzt)=é

sL1eY=



e.g.)£' {¥} =L
"

/¥)-↳ t.EU It-¥ )
= § £

' /s¥) ,→± ¥ UH
-E)

-

= 5- sin 13e) e.¥
U It-¥ )

= § sin (3k-E)) U Ct -E)
e.9.) Lif f-List )↳±, UH-2)

= ¥ I
_"

[5¥) ,→UH-2)

= I ti /⇔,-2 UH-2)

= ± A-2)
2
U H-2)



e.g.) g-yµg y

=L-11¥ +3¥ + ¥⇒
A=2 a24

UH-2) + I-1¥) / 'UCI-4)= I
' {¥) +2£ { ¥2M -↳e.z t-s -1-4

= e-
"
+ 2 e-
"

/e.→⇐UH-2) + e-
"

/+⇒→UH-4)

= e-
"
+ zE

'+⇒
UH-2) + e-

24-4)
Ute-4)



34.1-11 se) a- ¥
.

Ult- E)
= £¥Ñe→e¥
= coszt /↳+¥ UH

-¥)

= coszlt-E)Ult-E ).



36.Ltge÷ } LAS-1BUSD -105=1 .

As -+43 -A) s -13=1
.

=L
-1 / e-
"

( ¥+1-1¥) )
.

-13--1
.

13=-1

=L
-1 / e-
"

f- I - I -1¥)) 17--13=-1 .

=L
" 1+54 -É)+É1É)¥s÷

=
.

-1T¥)Utt¥É1¥}f↳.nu#4+LYst.i/uE.,-s--s---s'-T./--.t-z
-1-51-2

-

'

UH-2) - G-2)UH-2)+e"⇒Ult⇒





* There is no inverse

form for this
theorem

.

e.g.) Lfte
"] = f.)

'

da /Lfz ") )
=

t.IE#=tDdds-Cs-35'--tDtDs-3J?1=Cs-3)-2e.g7L1te-tcost)=(-p'dds-1L
{e-tense)) • derivative

=L- 1) (L{cost / s→s-c-D) • 1st translation
.

=H¥l¥ls→s+i)

=i⇒÷l¥÷.it#i-s.iiii+iii-Es+"
=¥:¥→



e.g.) If these] = C- 1)
2

¥gz (⇒ ☒ take derivative twice

= (-115-352)

= 1-1×-2)fs - 3)
-3

= ¥3



e.gl . e.g) . e. 97
.

Lftcoszth Lltsinhat) 11+40>-4.

=eD%s(¥4) =-9k¥) =%¥)
=HÉIiji→s

= ¥-95 =%l¥⇒
=¥÷.

= ¥j¥E⇒±
=→Y¥j¥
= -2%+5,4-+4

'

=÷⇒=¥¥-



Use Tkm 7.7 .

In the form in =D

ft) =
-É Lif das Fcs) )

.

to evaluate the given inverse Laplace transform .

☒fits:L
" flu 5¥41 = - f-£ fads [Luis⇒- Ents'+4D}

= -Est {¥
- ¥+1

=-=iEY÷tsY¥is)
= -¥ KEY¥, ) -21-11%+41]

= - ¥ [2 lost -2 cos Zt]



☒
.

ft) = List- cot-1¥ } =-É£F
= -81-11%15 - cot-1¥) )

= -¥5
' { - 's. - 5¥ }

ad,aÉs= -¥
= - E. [-5454-1-11*+1]
= -¥ [- t

-
sin it ]

ad-sco-ig-E.si . -É
= I 1- ¥sin4t

=

,-1¥,:&
= ¥42



ÑBq g- *g=g*f

e. g.) tx-sint-fotzs.int- e) de
a- I dv : since -E) dc

dude ✓ = Cost-2)
.

= Ico> It -E) | ? - Sj cost-⇒ de
=
tcoso - o - C-since -EDIE

= E- sinlo) - (+Sint )
= E- Sint

.



* we won't be

using this
theorem too often

.

e.g.) Lf fit since-4dL =L {t * sine J

=L {t.TL{ sin-4=5 - ¥,
* we'll use

* product
+0 the inverse form

convolution of the convolution
theorem a lote.g) . £

'

f (5%-4) } *Do not use partial traction
decoys.

=L
" {5,3*21}+-44

.

= et * e-
4T

ftp.e-4-g#=et--Sote---cet-tdz=sie--Ea-c=e-fote-s--a-c=e--j--e-54? =é¥÷!€É5



# 9 . Lt sot e- Tose de ] ?

this is not in the form gt) f-(t
- T) .

Jot e-'costde = Sst e-
Itt -tcoszde ( since veineeqd

with respect to

= e-tsotet
-

Yost de
Te . we

can pull
out e-t

.
)

= et Cet# cost ) .
S; Liste

-'

cos-cd-ig-L.se
-tcetxcostsy

=L 9 et* cost }s→s+, (1st translation,

=L let }s→s+, - Lt costs→sti
= ¥1s→ sa - s¥|s→s+ ,
= ¥ -¥¥= 's . ,



¥29 . f*g=g
2=0 4=-1

.

Let u=t-I du=_dI . I=t "
z=eu=o .

f- *g-- fotftugct- tide .

=
-[ f- l't - a) glu) du .

t

= fjfct - a) guddu
= gjglufct- a) du
= g*f .



#"f*cg+h)=f*g
f-* lgth)=ftf(⇒ [get -⇒ + hit-DIDI

= gotft) glt-tld-fot.fr) hit-Ddt

=f*g + f- * h .



#8 Lf fotcoszdt )

=L I fit cost . I dig f- Ct)= cost get)= 1
.

get -E) = 1
.

=L { fail . Lt get) )

=L/ cost ) - Ll 1)

= Is Lf cost)

= ↳¥, = ¥,



# 10 It fits in Tde)
.

f- = -1 Sint g = 1
.

=L /fall -1191-0)
get -2) = 1

.

=L It sin -4 - 111J

= Is Lltsiut)

= ¥ 1- Is L Isin-41
= : 1- Is¥11
= Ig §¥
=É .



# 12 . Lffotsinzcosct-⇒dt)

ftp.stnt-L/sTntYLfiost) get)= cost .

= ¥
= ¥52

# '4. Lftfotiétdz ) = - at-Lffot-ce-t.dz }

= - ( tshirt ) )
= - dd-sfsfdd-slle-t.JP .
= -÷sesE÷⇒

- ds+ñ+sus=¥¥÷÷¥⇒,
= -dñss¥z)= - ¥15



*HLF , * e-
"
J =É

#181ft'*téY= 2-Lltet)
= :-. -%÷=÷¥

# 20 Ife"*sint)= Lfe
" ) Lfsint)

= ¥ -¥



#22 . It fg¥ Fcs) ) = cos2£*ft) =[ft) cost- T) dz .

* 24 . sit¥, } -- I
'

II - ¥1 = Lifts 1*1
"

{¥1

= I * Sint = got sin Lt -⇒de

= cost- e) If
= 1- Cost .

# 26 . I
' 1¥21 = I' 1¥) * Lil ¥4

= e-
*
* e-
I

= got e-
+ e-
*⇒
do jae = eé?



174part# = ,¥Es[_é÷⇒
→

µ,µ ,
←
T -
=

→
-

-

o Lffct) ) =¥.IS?e-stfctldt .
•

-

""""=¥[£é%d"£¥°"f-It is periodic
→

with period -1=2 . =¥s[fdéÉdt]
=¥s[ Ii e÷÷t].

0 is -1<2

t.z.fi?+hesame.--'Fe-sF-se-s-Y-sie-st.dsI-J--'Fe-zsIEss--⇒ e-
"hi]



Ñ&¥¥ ftp.fge-o-eea.
hit) a÷t

fit)=t[1- UH- a)]
" "

f-1+7-91-17 [ 1-UH- a)Ithaka
.

=-111- UH- D) .=t-tUH*

LHµig=¥éE§é"tT
. ¥ and

.

-1=2 .

= f☒t. 9 "

= If 3=1*41-4-Utility

= [¥ -1ft- 1)+ 1) UH- D)
Eaten a"

End [5- e-Etta} ]

= [ 5- - éss÷+ 's] ]=ÉH



# 31

I#f-¥→f ,
"
that .

¥za
[0.2A)

.

[29,4A)
- -

-

¥"? ⇐ ¥zaJo%-stfcydt
I 0Etc a

t"==¥sa§.ae#.ldt-f.?e-sed-if=fe--sa&ie-s+d-se? - e I ;]
.I

= " I 1 : - f⇒ ]
=÷*é÷+ =!ÉÉ☐

.



-1-31
-1=29 .

f-(-1+29)=4+1 .

÷
""

T
.

. - - - -
- - - .

hit:O µ
1- Thewindow function

of fct) is

fzatt. {
th 04<29

.

get)=- I f
o tha

LHHIt-f-e-zas-Lffzo.lt) } . fzatk f1oet<#- I get cza

ffzat) = + lot32a@O-t.ca
Aaaa,=l[1-at-a)]t0[¥ tea

,
HI :/

I °# <a fzazt-f-ia-t.uafza, = (1) [UH-a) - UH -291]
.

o tza otra

fzat)= 1- UH- a) -Cet-a) -Ultra)]

=L-zuct-a-t-UH-2afffzo.tl?G1



1=131

Lffzat) } Is)

=Lf- 2 UH- a)TUK
-za) / Cs?

=L 11 } -211 UH
- a)) + LIU H-2AM .

¥:# = Is - zéasgfiy + e-
"s

Lily

= Is [ 1-
Ze
- as

+ ézasj

=it;
' (1-e-

a:P
Life t.LY?:I-as--I-Eae.?as-M---s-e-asxi-e-asI

→ =1¥÷⇒



# 34 . -1=2 .

the window tame-16h of ft) is Gaia
(1.1)

fzlt> =/
t 0€40

/¥-fact
z,, ①⇐ <②

= /
ft)#
"

triangular wave . I o t>② .

° t"

0 0-4<-1

LHtY= £¥É¥-ftp.fto-te-lotzit/2-t--cz0tz2.Lffz-M=Lf1ttDL1t-DUH-D}+IµUtg- if,A=i 9=2

=¥ -ze-%a1te-dsf~HY-tli-UH-DJ-ot-D-2-tjf.ua-D- UH -27]

= =

= -1 - tutti) -14-F)UH-D -12--44-4-2)

= -11-(2-24)UH- 1) + It-2)UH-2)
S
"

= -1+(-2111--1) UH- 1)+ It-2)UH-2) .

LHH=¥i"=¥u+ésj Yi



1=134
-1=2 LH: Fetus fotéstfctdt 9""

-
= I + [e-"G-e)de]

.

= [ -4:-(⇒siéstde 'ea-⇒1Ffied-I
=¥s[e÷ - e-

"

lit -1%-1 - Ii]
=És[_¥ -¥.

+☒ + ice-2s- e
-s

] ]
= ÉÉÉ=¥+⇒=Y¥5-



"" -

I oeeea .

f-It - { o
.

a# ←2 '

za fit)= I G- UH-a)]+o[ act- a) ] ✓

e-stI%dt . *Iffy f- ¥ñ )
.- 4- éas )

=
. as LIFT"}

. :@ e-
as)lte

- ¥a Lf
I - UH-a) )

.

=¥2s @ 11, - flat
-a) 1)

= sets - e-
"ÉHt=É?;¥%]é



Lift = ¥2s f?e-stfu> dt .

= teas Soa e-
"
dt + o

=¥a⇐sé" / if
=¥as ⇐ [e-

as

-1 ))
=÷÷→
= e⇒*éaT=si÷



#36 .

I' stat

n n
>

iÉs÷-¥
"
t

f,⇐ {
Sint 0--4 <T' fct -1297=1-1+1 .
o IET <29 -1=21-1

° Izzy
= {

Sht 0ft ⇐a-

fz-at-fttlo-tez.IT O t > a

fact)= Sint [ 1- UH
- IT ) ) +oCUt-

= sint - strut-ti? since-a)

= sint - C-sink
-Ti) ) UH- T1) =siatcosl-TD-costsik-TD-s.int

+ sink - E) UCE-Ti).
= - Sint

.Lffzttl) = Ikin-1$ 1-Llstnlt-F) UH - a- a-

ftp..es#Intsiut---sint-HsInnd=F+e-*sffsin-4--Y¥ LHtit-LY.IE#.s---s--e--s)



*" IetitMi-feEsf@Te-sintdt.t 0
=Es)é = stss⇒
Éé-- eSint / IT - costdt -

=é- + Fiesta-1
.

= Is⇐+

cost /F - S,
"

-sintdt ]
,

.
e-
"
cost IF] - Is sYé%in

e-stsintdt = - ¥ e-
"
cost /I = - ¥4s"c-c) - ( D )

.

si e- stained:-c =¥. • e} =\?¥⇒



7. 5 applications.
i

e.g.) Lff't)) =/Fe
-"
f 't)dt= e-stfu) /f + sgjoéstftydt

= - Sto) + sL{Fct ) }
= SL /ft)) - fog = sfcs) - far

e.g.)Iff
"

t) ) = f?e- "f "that -- e-"felt 1? + s )?e-
*f. 'Hid -1

=
- f%) + SL /f 't))

= 5L{ft)) - sfco) - g-
' 107

•



I

e.g.) L 13 t.ws 3+-1 sins} X-dd-tltsin3-4-sin3-l-3-a.sk

=L 1¥ tsinst)
= SL It sin3-4

- co - sin}-0)

=sLftsin3tf











e.g.) . y
'
-Y =\ . yco)

--0
.

L{y'T - Lfy} =L{ 11--5 .

sLly) - gas -1191=5
.

seats) - Ily}= 's
.

Lfyj = ¥, - É
.

y =L"fLhYH= g-
'⇐ 1-Lis;-) = et - 1

.



e.97

"

"
+ Sy

'
-149=0 , yco)=l Y' 107=0 .

LIY
"

) -151493+41191=0 .

SZLIYY - Syco) - y' 103+5 [ SLIM
-

yco)] -141993=0 .

645s -14111g) - S - 5=0 .

vii. ¥s=¥¥I=¥¥i¥+¥,
= + ¥4

.

-1¥
I = Acsti) -11315+4)

= # + + ÷
(1++13)=0 . ⇒ A:-B

A-1413=1 ⇒ -13+413--1--713=+3
.

= ¥# - I ¥4
.

At - I

y-fisyyy-IL-YE.ly - II"{¥+4 : get-Je
't





7.5 Application . start with
a differential equation .

1. Apply Laplace transform .

2. Using transform of
a derivative , break

down terms

likeL{y"Y .

3. End up with LIYY = some function
in terms of S .

this will be denoted as Tcs?

4. Apply inverse transform
. Yes) : Lfyy.

then £141s)) =L
- ' {L{yyy=y

.

5. End up
with

. y =L
"

( solve function in s ) .

=aIJ¥÷ie tie solution
to the given D.E. :)

For many D.E. ,
-methods we learned from the previous chapters will be

easier to apply and faster when it comes to solving D.E. But this method

is very general .We don't have
to worry about different conditions or types ofD.G.



# 6 . y 103=2 .
Y '10) =3 . Solve for Lf YTDJ = Yes) . Y

' '
+ y =\ ,

y"+y=l→Lfy"ty } = Lll) . . . .but we can also

use undetermined
→ Lfy

"3+1191=5 welt : or variation
of parameters too .

→ g-Lfyy - syio)- justLt) = 's

→ Lfy} (5+1) -2s -3=5

→ Lfyy (5+1)=5+25+3.

→ Yes) = 1+2%+35-1 g¥ =
11-25+32
562+1)

I"l¥H)=y=LtÉ÷¥) ← solution

Ycs)



ext Y
'

-3g =e
"

. yco)=\ .

step Lfy
'
- zy)=L sea-4

steps LIY 'S -31193
= L{e"#

-

☒ yy - yoo) -31111 =
-

steps sL{ yy - I -3111k¥

SYCS) -37 Cs) =¥ 1- I =

YCS) (S-3) =

Yet

Steph L
-'
CYCS) ) =L"lÉ¥ )

steps YH) =L
"

{ <5-1) ks-2) is -3))
.

=L-11¥ ) + L
"

1¥ )
.

(by partial fraction
decomposition)

= - e
Zt
+ Ze
"

→ goluotthegivoh D.E- is , y = - e
"-1283£



But ! y
'
-3y= eat , Yoo) = 1

. → since this D -
E is a linear D-E.

using integrating factor, we

e
s-3dt= e-

3£

=/Ut)Integrating → can solve the
linear e.9 . and

Factor solve for c faster : and easier
!

:)
.

9 Lt)= ¥ filk) - Qctdt .Teat

= fé
"

. e
"

de

= étfétdt
= e
"

C-e-
+

+ c)

= - e
"
+ ce
"

Yeo)= -E'
☐

+ ce
>0=-1 +c = I ⇒ c- 2 .

i. yt¥ - e
"
-12e
"

.



ex) solve y
"
- Gy

'

+99 = tie
"

, yio)
= 2
, y

' 103=6
.

Lfy
' 's -GLIY 'S + 9ft g) =L /test )
- -
-

Lfy
") = s
'

Ycs) - Syco)
- y

'⇒ = SZ Yes)
-25-6

III. = SYCS) -y 10)
=

SYCD-2.LI#--Ycs3Lfie3tJ=Lft2Js-ss-3--¥-1 / s→s→= ¥3,3 ( 1st translationthm )
.

⇒ 1571s) -z s - 6)-6
lies) -2) +9 ( Ks ))

=

,}¥

Yes) ( 5- 6s
+9) -2s - Gt 12

= ¥-3,3
Yls) (5- 6s

+9) = ¥p +25-6

Ks) = 1¥, -12s-b)¥+9
= (¥5121s-37K¥ )

=¥,s +%y = ¥35 +¥)
* be continue - -→



con-innel-mpreviouspage-fL-YYcsy-L-YF-J-L-ls.TT
YH) = 2£

' { Is / ⇒g.g) -12C
"

apply 1stTranslation .

= 2- ¥:L" { 3¥ / s→s→ ) + ze
"

= ¥.

e
"
-14 + zest

*we
can also use undetermined coelt 14.4

) or variation of parameter.

14.7) as well .



ext y
'

-1g = ft) , fit)= { 0g Ost < I
TZI , Ylo) = 0 .

ft) = o - out
- 1) +5 UH-1) =5Ut

- 1)

Ily'y -1L /y ) =L / suit
-DJ

.

(zL{ y) - joy + L{yY=5LtUt
-1)) * linear eq .

we can use method

SYCS) - Otto)=5(e÷ ) for linear eq
.

Yes) (Stl) = 5T¥ check page 59 .

example 7 .

Yes)=§?¥ Solution is also in

1-
'

{Too}=L
"
I ) piecewise function as

well
.

yet)= 51-11%+7, )
= 5L

" 1¥, / +→tilt-17 .
= 5£

'

{ § -¥,} +→ e-, UH-1)
= 54- e-e) e.→e- 1 UH-11=54- e-

*"
) UH-11=511- e'

+tutti)



23) y
"
+4y= Sint UH-2T) , Yeo) = 1 , y

'

( o) = 0 .

L ly
"

)-141151=11 sink UH -21T) )

5£ / y ) - syio)
- y

'
lo) +4L { yY =L / i-th) Ultra

) }

sin Lt-1 2nA)⇒ in (t)

for all integer n .

5L / y) - s +4L{ g)
= e-
"SL / sin -1g

L{ g) (SI 4) = e-
""

(¥) + s

fly) = [e-
"

Jst , +s] ¥4 =
+ ¥4

I
-'

{ Ily) ) =L
+
{ e-2%41) (5+4)) +£

' 1¥43

Y = £
' {5+1%+4} _↳t→, U (t-251 + cos Zt

.

= Lt {¥ + ¥4 ) +→ t→- UH-21T) + coszt
= [L" {5¥} +→←za +I

' 1- } ¥4 )_↳-1-2-1,] UH-21T)+cost
= [IsInt -↳t-za - I ¥ sinZt_→ e-za ] Ult-21T) +cos Zt
= [§ sin Lt-21T) - f- sin zct-ZTD] U t-ZTD + cosZt



For L
" {

(¥15m4=1+{5+1}
*L
"
I ¥1

= Sint * Is in
zt

= SotsinCt -T) Isin
GT)dI .

= Sotcsint cos I - cost sin
-0) I 25inI cos I

dI

=Sot Sin t cos
>
Is in E - costs

in22 cos Ide

O U=
cos I

②
itsinto = sine g _÷du

- cost Jlidu
+

to

= Iz Sint cos
3
z - -13 cost sin 3-1 / ☐

=
-J Sint cos

>
t - Jcosts in

>to - Eg Sint)

= - § Is in
at cos't - § I sinztsin-b-tzs.int

= - f- sin 2-1 (wit
+ sin't) + § Sint

= -f 5m24 -1J sine



(8)
.
Y
""
-y = to YIO)-0 , y

'
107=0

, y
"

co)= 0
,
y
'"

cos:O

Ily
" "

y - L{yJ =L {ti

s411yd - 53g cos -5 y
'

G) - Sy
"
co) - y

" '

co) -Lt g)¥

LIY) is4-D= ¥
11 yy : 5¥
L{yJ= I

"

{ ¥-4)
L
"

{yy = L
"

{É - É - 4¥ + 4¥ )

y = Isin t - t - ¥ e-
+
+ 4- et

Lsyj= 1-454*2-11¥ )
=L
"

15J *&" 1¥, I * £1⇒
= [* ( sInt*sInh e.his tells you

not to use convolution
theorem .


